Let p be an odd prime. Let F/k be a cyclic extension of degree p and of characteristic different from p. The explicit constructions of the non-abelian p 3 -extensions over k, are induced by certain elements x ∈ F (µ p ) * . In this paper we let k = Q and study the relationship between the norms of these elements x and the required properties they should admit.
e p−2τ x e p−3 · · ·τ p−2 x, x ∈ L * , and its restriction Φ K/Q :
We shall, by convenient abuse of notation, write Φ = Φ L/F = Φ K/Q . Clearly, Φ commutes with the norm; Nr L/K Φ = Φ Nr L/K .
Let F L , F K be the multiplicative groups consisting of the fractional ideals of L,K, respectively.
We have analog homomorphisms: Φ L/F : F L → F L , given by Φ L/F (I) = I [5] or Ribenboim [7] )].
A2. Let H p 3 and C p 2 ⋊ C p be the non-abelian groups of order p 3 . From the generic constructions of the non-abelian p 3 -extensions (over fields with characteristic different from p), it follows that the elements x ∈ L * with Φ(Nr L/K (x)) ∈ L * p induce H p 3 -extensions over Q, while the elements x ∈ L * with Φ(ζ p Nr L/K (x)) ∈ L * p induce C p 2 ⋊ C p -extensions over Q (see section B for details).
Arne Ledet, in [3] , [4] , and [5, pages 130-132] , constructs explicit extensions and the corresponding polynomials over Q for these groups, when p = 3 or p = 5, and L = Q(ζ p 2 ). He provides a sufficient condition for an element x ∈ O L to satisfy the above requirements, namely: Nr L/Q (x) = q is unramified prime in L (that is, q = 3, q = 5, respectively). His argument for the sufficiency relies on unique factorization in O K .
Our goal is to generalize this idea in purpose to classify such elements x ∈ L * in terms of their norm. In this section we present a weaker classification (Theorem 1) and conclude stronger sufficient conditions. In section B we explain the (known) explicit constructions for those two groups, and
show that there are infinitely many elements x ∈ L * , suitable for both constructions. In section C, we exhibit other polynomials for H 27 and C 9 ⋊ C 3 over Q.
No prime factor of I i conjugates to any prime factor of
We fix some i and set
and there is only one prime in K lying above q. Hence Φ(I) = I (e
If q is ramified in F then either q = p or q ≡ 1 mod p. Suppose the latter. q is totally ramified in F and splits completely in K. Any prime ideal P in K lying above q is then totally ramified in L, equivalently,
Suppose that q is unramified in L. Let g be the decomposition number of q in K/Q. Clearly,
where,
Hence, if q does not split completely in K, we can consider S g (i) modulo p and conclude that S g (i) ≡ 0 mod p, for all i. Therefore, if q does not split completely in K then Φ(I) ∈ F p K . Finally, suppose that q is inert in F and splits completely in K. Then any prime in K lying above q is inert
A5. Suppose that q splits completely in L, and let O K q = P 1 . . . P p−1 be the prime decomposition of q in K. τ , as a permutaion acting on the (p − 1)-set consisting of the P i 's, is the p − 1-cycle (P 1 , . . . , P p−1 ) (say). We shall denote byτ the corresponding p − 1-cycle in the symmetric group; τ = (1, . . . , p − 1). Now, if
where, 
We have established the following result.
ideal of L, if and only if there exits an i
such that
A6.
Using the same notations as in A5, Nr K/Q (P i ) = Zq, i = 1, . . . , p − 1 (since q splits completely in K). Hence,
Suppose that there exists an i such that q i splits completely in L and I i (x) = P li , where P is a prime ideal of
A7. Let H(L) be the Hilbert class field over L (see [6, Chapter 8] ), and let q be a rational prime which splits completely in H(L). Then any prime ideal of H(L) lying above q is principal in L.
Proof : Clearly, q i splits completely in L. With the notations of A3, J i is a product of prime ideals of L lying above q i . Thus, J i and
for some unit u of O K , and p does not divide χ(I i ). Hence Φ(γ i ) ∈ K * p .
Corollary 3 There are infinitely many elements x ∈ L * such that
Proof : By Chebotarev's Density Theorem, there are infinitely many rational primes which split completely in H(L). The assertion then follows from Corollary 1.
A8. We shall illustrate the above results on C p -extensions of the following type.
Lemma 1 Let r be a rational prime, r ≡ 1 mod k, k ∈ N. Let m = m(r) be a primitive root modulo r. Consider the sum
Then Q(δ k (r))/Q is a C k -extension.
Proof : Gal(Q(ζ r )/Q) is cyclic of order r − 1, generated by the automorphism σ : ζ r → ζ 
We shall see in a moment that the summands in (2) 
Therefore, all the summands in (2) are distinct in pairs.
splits completely in L. However, Φ(γ) generates a third power ideal in O K . Therefore, Theorem 1 does not imply the obvious facts: 
over Q.
Thus,
Example 4 p = 5, r = 11, m(r) = 2. δ 5 (11) = ζ 11 + ζ
Section B

B1.
Let N/k be a Galois extension with Galois group G = Gal(N/k). Let π : E ։ G be an epimorphism of a given finite group E onto G. The (theoretical) embedding problem in Galois theory is to find a pair (T /k, ϕ) consisting of a Galois extension T /k which contains N/k, and an If ϕ is required only to be a monomorphism, we say that the embedding problem is weakly solvable. In that case, the pair (T /k, ϕ) is called an improper solution (or a week solution). An improper solution can also be interpret in terms of Galois algebra ( [1] , [3] Chapter 4). The monograph [2] treats the embedding problem from this point of view. In the cases discussed in this paper, any improper solution will automatically be a solution; the kernel A will be contained in the Frattini subgroup of E (see [2] , Chapter.6, Corollary 5).
The constructive approach to embedding problems is to describe explicitly the solution field T (in case it exists). We shall consider a series of embedding problems, in each T /N will be a C p -extension, and the goal is to exhibit an explicit primitive element of T over N (See [7] for further details). In practice, given a set of generators γ 1 , . . . , γ d for G, we must extend them to k-automorphismsγ 1 , . . . ,γ d of a larger field T , with common fixed field k. T /k is then a Galois extension generated byγ 1 , . . . ,γ d ,γ d+1 , . . . ,γ c , whereγ d+1 , . . . ,γ c generate Gal(T /N ). The extensions should be constructed in such a way that theγ i 's behave as a given set of c generators for E. T is then a solution field, and the isomorphism which takes eachγ i to the corresponding generator of E is a solution isomorphism.
B2.
Let N be a field of characteristic not p. µ p ⊆ N * , and let
with the property: θ p ∈ N , are those of the form z(
Suppose further that N/k is a Galois extension, then N ( p √ a)/k is a Galois extension if and only if, for each γ ∈ Gal(N/k), there exist i γ ∈ Z \ pZ such that γa/a iγ ∈ N * p .
B3.
Let E be a non-abelian group of order p 3 . Up to isomorphism, E is necessarily one of the following two groups: 1. The Heisenberg group:
In other words, H p 3 is generated by two elements u, v of order p, such that their commutator w is central. It can be realized as the subgroup of GL 3 (Z/Zp) consisting of upper triangular matrices with 1's in the diagonal. 2. The semidirect product: Thus, M/Q is a Galois extension. We extendτ to κ ∈ Gal(M/Q) by
Since κ is an extension of τ to M , Gal(M/Q) is generated byσ,η,λ, and κ. It is easy to verify that κ is central and has order p − 1 [while doing it, we take τ : ζ p → ζ e p . Also, note that κ is the unique
